We discuss some algebraic properties of Toeplitz operators on the Bergman space of the polydisk D n . Firstly, we introduce Toeplitz operators with quasihomogeneous symbols and property P . Secondly, we study commutativity of certain quasihomogeneous Toeplitz operators and commutators of diagonal Toeplitz operators. Thirdly, we discuss finite rank semicommutators and commutators of Toeplitz operators with quasihomogeneous symbols. Finally, we solve the finite rank product problem for Toeplitz operators on the polydisk.
Introduction
Let D be the open unit disk in the complex plane C and its boundary the unit circle T. For a fixed positive integer n, the unit polydisk D n and the torus T n are the subsets of C n which are Cartesian products of n copies D and T, respectively. Let dV z dV n z denote the Lebesgue volume measure on the polydisk D n , normalized so that the measure of 1.4
Since the Bergman projection P can be extended to L 1 D n , dV , the operator T F is well defined on H ∞ , where H ∞ is the space of bounded holomorphic functions on D n . Hence, T F is always densely defined on A 2 D n . Since P is not bounded on L 1 D n , dV , it is well known that T F can be unbounded in general. This motivates the following definition, which is based on the definitions on unit ball in 1 .
a F is called a T -function if 1.4 defines a bounded operator on A 2 .
b If F is a T -function, one writes T F for the continuous extension of the operator it is defined on the dense subset
For commuting problem, in 1963, Brown and Halmos 2 showed that two bounded Toeplitz operators T ϕ and T ψ on the classical Hardy space commute if and only if i both ϕ and ψ are analytic, ii both ϕ and ψ are analytic, or iii one is a linear function of the other. On the Bergman space of the unit disk, some similar results were obtained for Toeplitz operators with bounded harmonic symbols or analytic symbols see 2-4 . The problem of characterizing commuting Toeplitz operators with arbitrary bounded symbols seems quite challenging and is not fully understood until now. In recent years, by Mellin transform, some results with quasihomogeneous symbols it is of the form e ikθ φ, where φ is a radial function or monomial symbols were obtained see 5-7 . On the Hardy and Bergman spaces of several complex variables, the situation is much more complicated. On the unit ball, Toeplitz operators with pluriharmonic or quasihomogeneous symbols were studied in 1, 8-11 . On the polydisk, some results about Toeplitz operators with pluriharmonic symbols were obtained in 10, 12-14 .
For finite-rank product problem, Luecking recently proved that a Toeplitz operator with measure symbol on the Bergman space of unit disk has finite rank if and only if its symbols are a linear combination of point masses see 15 . In 16 , Choe extended Luecking's theorem to higher-dimensional cases. Using those results, Le studied finite-rank products of Toeplitz operators on the Bergman space of the unit disk and unit ball in 17, 18 . Motivated by recent work in 1, 5, 7, 17, 18 , we define quasihomogeneous functions on the polydisk and study Toeplitz operators with quasihomogeneous symbols on the Bergman space of the polydisk. The present paper is assembled as follows. In Section 2, we introduce Mellin transform, Toeplitz operators with quasihomogeneous symbols and property P . In Section 3, we study commutativity of certain quasihomogeneous Toeplitz operators and commutators of diagonal Toeplitz operators. In Sections 4 and 5, we prove that finite rank semicommutators and commutators of Toeplitz operators with quasihomogeneous symbols must be zero operator and we also solve the finite-rank product problem for Toeplitz operators on the Bergman space of the polydisk.
Mellin Transform, Toeplitz Operators with Quasihomogeneous Symbols and Property (P)
For any multi-index α α 1 , . . . , α n ∈ N n here N denotes the set of all nonnegative integers , we write a α α 1 · · · α n and z
where
For two n-tuples of integers α α 1 , . . . , α n and β β 1 , . . . , β n , we define α β if α j > β j for all 0 ≤ j ≤ n. Similarly, we write α β if α j ≥ β j for all 1 ≤ j ≤ n and α β if otherwise. We also define α ⊥ β if α 1 β 1 · · · α n β n 0 and α − β 
Then, f is radial if and only if rad f f. For α ∈ N n , we have
2.3
The main tool in this paper will be the Mellin transform. which is defined by the equation
We apply the Mellin transform to functions in
For convenience, we denote ϕ z 1 , . . . , z n by ϕ ∧ z 1 , . . . , z n when the form of ϕ is complicated. It is clear that ϕ is well defined on I n {z for any ξ in the torus T n and r ∈ 0, 1 n . 
As in 19 , for any
Using Lemma 2.2, we can get the following two results:
It is easy to check that
2.10
Abstract and Applied Analysis
Let G be a region in complex plane C and f holomorphic on G. If {z k } ∞ k 1 has a limit point in G, such that f z k 0, then f ≡ 0. For functions of several complex variables, the above conclusion does not hold. For example, f z 1 , z 2 z 1 z 2 is analytic on bidisk { z 1 , z 2 : |z 1 | < 1, |z 2 | < 1}, point sequence { 0, 1/k }, k 2, 3, . . . , has a limit point 0, 0 , and f 0, 1/k 0, but f is not a zero function on the bidisk. So we need the following definition, which is given in 9, 17 .
For any 1 ≤ j ≤ n, let σ j : N × N n−1 → N n be the map defined by the formula σ j s, α 1 , . . . , α n−1  α 1 , . . . , α j−1 , s, α j , . . . , α n−1 for all s ∈ N and α 1 , . . . , α n−1 ∈ N n−1 . If M is a subset of N n and 1 ≤ j ≤ n, we define
As in 9, 17 , we say that M has property P if one of the following statements holds:
2 M / ∅, n 1, and s∈M 1/s < ∞, or 3 M / ∅, n ≥ 2, and, for any 1 ≤ j ≤ n, the set M j has property P as a subset of N n−1 .
Let M and N be two sets that have property P . It is not difficult to check that the following statements hold: Proof. By the Müntz theorem, we can prove that it is true when n 1 see 7 for more details . Suppose that the conclusion of the lemma holds whenever n ≤ N, where N is a positive integer. Consider the case n N 1. Since Z ϕ does not have property P , there must be a 1 ≤ j ≤ N 1, such that Z ϕ j does not have property P . Without loss of generality, ii Let E, E ⊆ N n be the sets that have property (P). If
iii 
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If
2.16
Thus, we get 
2.17
Recall that a densely defined operator on A 2 D n is said to be diagonal if it is diagonal with respect to the standard orthonormal basis. In particular, for f ∈ L ∞ D n , T f is diagonal if and only if rad f f. In this case, T f α∈N n w f, α e α ⊗ e α , where w f, α T f e α , e α a α 1 f 2α 2 .
Commutativity of Toeplitz Operators
In this section, we study the commutativity of the Toeplitz operators with some special quasihomogeneous symbols and give the characterizations, respectively.
Moreover, the following statements hold.
Proof. Note that, for α ∈ N n , 
3.2
Since {e α } are the standard orthogonal basis and T g T ξ k f k e α , e β T ξ k f k T g e α , e β 0 for β / α k p, it is easy to check that the following statements are equal:
Thus, the statements i and ii hold. Conversely, if T ξ p g and T ξ p f commute, we will structure an analytic ψ which satisfies the conditions in this theorem.
Since g z / 0 for all z ∈ I 2 , the function f z / g z is analytic on I 2 . Note that |r z−1 | < 1 for 0 < r j < 1, j 1, 2 and z ∈ I 2 . Thus,
g z ≤ g L 1 0,1 2 .
3.12
Fix α 0 ∈ N 2 , and let z 0 2α 0 p 2, then, 
